Ž . Properties strict M and uniform M are introduced. It is shown that if X has Ž . property M and is uniformly convex in every direction, then X has both strict Ž .
INTRODUCTION
In order to classify those separable Banach spaces X such that the ideal Ž .
Ž . K K X of linear compact operators is an M-ideal in the algebra L L X of w x all linear bounded operators, Kalton K introduced the notion of property Ž . Ž . Ž . M . It is also known that c has property M and hence property M 0 Ž does not imply weak normal structure. Recall that a Banach space has w x weak normal structure BM if every weakly compact convex subset C consisting of more than one point has a nondiametral point; i.e., there Ä5 5 4 Ž . . exists an x g C such that sup x y y : y g C -diam C . It is, however, w x Ž . shown in GS that property M implies the weak fixed point property for nonexpansive mappings. Namely, if X is a Banach space having property Ž . M , if C is a weakly compact convex nonempty subset of X, and if T : Ž 5 5 5 5 . C ª C is nonexpansive i.e., Tx y Ty F x y y , x, y g C , then T has a Žw x . Ž . fixed point. It is not hard to see K, Lemma 2.1 that X has property M Ž . The purpose of this paper is to discuss the relations among properties Ž .
Ž . Ž . M , strict M , uniform M , and other geometrical properties of Banach spaces. We show, among others, that if a Banach space X has property Ž . M and is uniformly convex in every direction, then X has both strict Ž .
Ž . Ž . M and uniform M . We also show that if X has property M and X * is separable, then X has weak uniform normal structure. Moreover, if X has a weakly continuous duality map, then we obtain a formula for the M-modulus of X. X Notation.
for weak convergence; ª for strong convergence.
Ž . Ž .

STRICT M AND UNIFORM M
Ž . w x
We begin with Kalton's property M K . 
Žw
x . It is easily seen K, Lemma 2.1 that a Banach space X has property Ž .
Ž . M if and only if, for each weakly null sequence x in X, the type
We actually have, in either case, that every type is a strictly increas-
n 5 5 ing function of u . So it is natural to introduce the following notion.
Ž . DEFINITION 2.2. We say that a Banach space X has property strict M Ž . if, for each weakly null sequence x in X, the type is strictly 
Recall that a Banach space X has the locally uniform Opial property w x Ž . 5 5 LTX if, for each weakly null sequence x in X such that x ª 1 and n n c ) 0, there exists a constant r ) 0 such that
THEOREM 2.1. Let X be a Banach space which has property strict M . Then X has the locally uniform Opial property.
Ž .
5 5 Proof. Assume x is a weakly null sequence in X satisfying x ª 1 n n Ž . and c ) 0. Set r s u y 1, where u g X is any element with norm
is strictly increasing in u , we have r ) 0 y 1 s 0.
We next introduce the notion of M-modulus in order to measure Ž .
If X has property M and is strictly increasing in u i.e., u -
if X is a Hilbert space and u s 1 q
Ž . strictly increasing, 0 s 0, and lim t s ϱ. To a gauge , we can t ªϱ associate a duality map J ; X ª X * by
² : where и , и is the pairing between X and X *. Set
Following Browder B , we say that X has a weakly continuous duality map if there exists a gauge such that the duality map J is single-valued Ž . and sequentially continuous from X, with the weak topology, to X *, with Ž . the weak* topology. It is known that l 1 -p -ϱ has a weakly continup ous duality map with gauge s t py 1 .
THEOREM 2.2. If a Banach space X has a weakly continuous duality map Ž . Ž . with gauge , then X has both properties strict M and uniform M , and
Since J x is the Gateaux derivative of the convex function 
Ž .
5
This finishes the proof. 
Recall that a Banach space X is uniformly convex in every direction Ž . 5 5 UCED if, for each z g X such that z s 1 and ) 0, we have
.3. Suppose that a Banach space X has property M and is
Ž . Ž . also UCED. Then X has both strict M and uniform M .
5
Proof. Given u,¨g X such that u -¨and a weakly null sequence Ž .
Ž . x in X. We may assume by property M , with no loss of generality, that Ž . M ,
Ž . We conclude from the last two inequalities that Ž . be chosen such that ¨s ¨. We then have, by strict M ,
Ž . Since c has property M , property M does not imply weak normal 0 w x structure. Garcia and Sims GS showed that if X is a Banach space with Ž . property M and if X satisfies the property Ž .
5 5 ) There exists a point x g X, x s 1, such that whenever y x and
Ž . where the sup is taken over all subsequences y of y , n n k then X has weak normal structure. Using similar arguments we shall show that more can be obtained.
Recall that a Banach space X has the Generalized Gossez᎐Lami Dozo Ž .w x Ž . property GGLD Ji if for any weakly null sequence x in X such that 
Ž .
Ž i X has the Kadec᎐Klee property i.e., the relati¨e weak and strong . topologies agree on the unit sphere of X .
ii X is reflexi¨e.
iii X has the Radom᎐Nikodym property. 
The result now follows by the argument found in Remark 2 of GS .
Ž . ii Assume WCS X s 1. Then for each integer k G 1, we have a Ž k . 5 k 5 weakly null sequence x , x ª 1, such that Ž . positive real numbers and a sequence x in X so that
